We propose to use dynamical symmetries of the field equations, in order to classify the dark energy models in the context of scalar field (quintessence or phantom) FLRW cosmologies. Practically, symmetries provide a useful mathematical tool in physical problems since they can be used to simplify a given system of differential equations as well as to determine the integrability of the physical system. The requirement that the field equations admit dynamical symmetries results in two potentials one of which is the well known Unified Dark Matter (UDM) potential and another new potential. For each hyperbolic potential we obtain the corresponding analytic solution of the field equations. The proposed analysis suggests that the requirement of the contact symmetry appears to be very competitive to other independent tests used to probe the functional form of a given potential and thus the associated nature of dark energy. Finally, in order to test the viability of the above scalar field models we perform a joint likelihood analysis using some of the latest cosmological data.
INTRODUCTION
The detailed analysis of the current cosmological data indicate that the universe is spatially flat and has incorporated two acceleration phases. An early acceleration phase (inflation), which occurred prior the radiation dominated era and a recently initiated accelerated expansion (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and references therein). The source for the late time cosmic acceleration has been attributed to an unidentified type of "matter" with negative equation of state, usually called dark energy (DE) . Despite the mounting observational evidences on the existence of the DE component in the universe, its nature has yet to be found (for a review see [11] and references therein).
The easiest path for DE corresponds to the so called cosmological constant (see [12] [13] [14] for reviews). Indeed the spatially flat concordance ΛCDM model, which contains cold dark matter (DM) and a cosmological constant Λ, fits accurately the current cosmological data and thus it is an excellent candidate as a model which describes the observed universe. However, more complex dynamics are necessary since the idea of a rigid cosmological constant or vacuum energy is very difficult to reconcile with a possible solution of the cosmological constant (tuning and coincidence problems) plaguing theoretical cosmology [12, 15] . A constant cosmological constant term throughout the entire history of the universe presents strong conceptual difficulties from the point of view of fundamental physics.
Attempts to overcome the above cosmological problems have been presented in the literature (see [13, 14, 16] and references therein), by replacing the constant vacuum energy with a DE that evolves with time. Popular proposals for the DE are, among others, the existence of new fields in nature and the modified gravity (see [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] and references therein). Particular attention over the last decades has been paid on scalar field DE [11] due to its simplicity. In the scalar field models [34] and later in the quintessence context, one can ad-hoc introduce an adjusting or tracker scalar field φ [23] , rolling down the potential energy V (φ), which could mimic the DE [13, 14, [30] [31] [32] . The potential V (φ) is not known and one must introduce it by some kind of ad hoc assumption. There have been many such proposals as to the form of this potential e.g. power law, hyperbolic, exponential etc [37] [38] [39] [40] [41] . However one would like to have a fundamental method according to which one would fix the form (or forms) of the potential. One such method is the geometric requirement that the resulting field equations admit Noether point symmetries [42] .
In fact the idea to use Noether symmetries as a cosmological tool is not new in this kind of studies. It has been proposed that the Noether point symmetry approach as a selection rule for the dark energy models is a geometric criterion; that is, the geometry of the field equations can be used as a selection criterion in order to discriminate the dark energy models. Specifically, such a selection approach in the framework of scalar field cosmology has been considered in [43, 44, [50] [51] [52] [53] [54] and in the context of modified theories of gravity in [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] . Dynamically speaking, Noether symmetries are considered to play a central role in physical problems because they provide first integrals which can be utilized in order to simplify a given system of differential equations and thus to determine the integrability of the system. Indeed, in [44] it has been shown that the Lie point symmetries of a dynamical system are related to the geometry of the underlying space where the motion occurs (a similar analysis can be found in [45] [46] [47] ).
In the current article we attempt to generalize our previous work of Basilakos, Paliathanasis & Tsamparlis [50] (see also [54, 55, 65] ) in the sense that we use dynamical Noether symmetries instead of point Noether symmetries to select the potential of the scalar field cosmology in a spatially flat Friedmann-Robertson-Walker spacetime (FRW). Geometrically speaking, the Noether point symmetries of the Lagrangian are connected with the homothetic algebra of the minisuperspace (see [44] and references therein), and the dynamical Noether symmetries are related with the Killing tensors of the minisuperspace [75] . Obviously, the latter implies that the Noether approach provides a useful tool in order to study the geometrical properties of the Lagrangian in the context of the scalar field Cosmology. I this respect, we would like to emphasize that dynamical symmetries have properties which are well above the corresponding properties of point symmetries. Indeed the dynamical Noether symmetries provide conserved quantities both in Newtonian physics and in General Relativity which point symmetries cannot. For instance, the well known Runge-Lenz vector field of the Kepler potential [68] , the Ermakov integral [69, 70] , and the Carter constant in the Kerr spacetime [71] all follow from dynamical symmetries and not from point symmetries. These integrals are not linear in the momentum; that is, dynamical Noether symmetries provide new conservation laws in contrast to Noether point symmetries which give integrals linear in the momentum [66, 67] . Furthermore, the integrals they provide contain a larger number of degrees of freedom allowing the consideration of more scenarios in a given dynamical problem.
To our view it is important to consider the possibility of dynamical symmetries in scalar field cosmology. As it will be shown bellow such symmetries (at the level of contact symmetries) exist for some hyperbolic scalar field potentials which provide us with a wide range of possibilities. The structure of the article is as follows. In section 2 we review briefly the basic elements of scalar field cosmology. In section 3 we give the basic definitions of generalized symmetries. In section 4 we apply the dynamical symmetry condition and classify the potentials of the scalar field cosmology which admit contact Noether symmetries. In section 5 we apply the results of the section 4 and determine the analytical solution for each model. In order to test the viability of the resulting cosmological models in section 6 we perform a joint likelihood analysis using some of the latest cosmological data namely, Supernovae type Ia data (SNIa), Baryonic Acoustic Oscillations (BAO) and the H (z) data. Finally, the main conclusions are summarized in section 7.
FIELD EQUATIONS
The scalar field contribution to the curvature of space-time can be absorbed in Einstein's field equations as follows:
where R µν is the Ricci tensor andT µν is the total energy momentum tensor given byT µν ≡ T µν + T µν (φ). Here T µν (φ) is the energy-momentum tensor associated with the scalar field φ, and T µν is the energy-momentum tensor of matter and radiation. Modeling the expanding universe as a perfect fluid that includes radiation, matter and DE with 4−velocity U µ , we haveT µν = −P g µν + (ρ + P )U µ U ν , where ρ = ρ m + ρ φ and P = P m + P φ are the total energy density and pressure of the cosmic fluid respectively. Note that ρ m is the proper isotropic density of matter-radiation, ρ φ denotes the density of the scalar field and P m , P φ are the corresponding isotropic pressures. In the context of a FRW metric in Cartesian coordinates
the Einstein's field equations (1), for comoving observers (U µ = δ µ 0 ), provide
where the over-dot denotes derivative with respect to the cosmic time t, a(t) is the scale factor of the universe and K = 0, ±1 is the spatial curvature parameter. Finally, the gravitational field equations boil down to Freedman's equation
and
where H(t) ≡ȧ/a is the Hubble function. The Bianchi identity ▽ µT µν = 0 amounts to the following generalized local conservation law:ρ
Combining eqs. (6), (7) and (8) we obtainä
Assuming negligible interaction between matter and the scalar field we have:
Then eq. (8) leads to the following independent differential equationṡ
and the corresponding equation of state (EoS) parameters are given by w m = P m /ρ m and w φ = P φ /ρ φ . In what follows we assume a constant w m which implies that ρ m = ρ m0 a −3(1+wm) (w m = 0 for cold matter and w m = 1/3 for relativistic matter), where ρ m0 is the matter density at the present time. Generically, some high energy field theories suggest that the dark energy EoS parameter is a function of cosmic time (see, for instance, [72] ) and thus
where ρ φ0 is the DE density at the current epoch.
Scalar field cosmology
We consider a scalar field in a FRW background which is minimally coupled to gravity, such that the field satisfies the Cosmological Principle that is, φ inherits the symmetries of the metric. This means that the scalar field depends only on the cosmic time t and consequently φ ,ν =φδ 0 ν whereφ = dφ dt . A scalar field φ(t) with a potential V (φ) is defined by the energy momentum tensor of the form (for review see [11] and references therein)
where L φ is the Lagrangian of the scalar field. Although in the current analysis we study generically, as much as possible, the problem we will focus on a scalar field with
or equivalently
where
Therefore, using the second equality of eq. (10), eq. (14) and eq.(16) the energy density ρ φ and the pressure P φ of the scalar field are given by
Inserting eq. (18) and eq. (19) into eq. (12) we derive the Klein-Gordon equation which describes the time evolution of the scalar field. This isφ
If we use the current functional form of L φ then eq. (7) takes the form:
Notice, that for the rest of the paper we use a spatially flat FLRW metric, namely K = 0. The corresponding dark energy EoS parameter is
The quintessence (ε = 1) cosmological model accommodates a late time cosmic acceleration in the case of w φ < −1/3 which implies thatφ 2 < V (φ). On the other hand, if the kinetic term of the scalar field is negligible with respect to the potential energy [i.e.φ 2 2 ≪ V (φ)] then the equation of state parameter is w φ ≃ −1. In the case of a phantom DE (ε = −1), due to the negative kinetic term, one has w φ < −1 and (φ 2 /2) < V (φ). The unknown quantities of the problem are a(t), φ(t) and V (φ) whereas we have only two independent differential equations available namely eqs. (20) and (21) . Therefore in order to solve the system of differential equations we need to assume a functional form of the scalar field potential V (φ). In the literature, due to the unknown nature of DE, there are many forms of this potential (for a review see [11] ) which describe differently the physical features of the scalar field. In the present work we use dynamical symmetries of the field equations in order to determine the unknown potential V (φ).
LIE BÄCKLUND SYMMETRIES
In this section we give the basic definitions and properties for the generalized symmetries. Consider a function
. where x i are n independent variables and u A are m dependent variables. The infinitesimal transformation
with generator
is called a Lie Bäcklund symmetry of the differential equation
if and only if there exist a function λ x i , u, u ,i , u ,ij ... such that [66, 67] [X, H] = λH , modH = 0. (27) From the above definition it follows that a Lie Bäcklund symmetry preserves the set of solutions u of H x i , u, u ,i , u ,ij ... . In the case where the generator (25) of the infinitesimal transformation (23), (24) (23), (24) is a point transformation and the generator X is a Lie point symmetry if there exist λ such as condition (27) holds. That is, the Lie Bäcklund symmetries are more general and reduce to the Lie point symmetries when the generator X is independent of the derivatives. In the following we consider only Lie Bäcklund symmetries.
The operator
.. defines always a Lie Bäcklund symmetry (the trivial one) [66] . Therefore, if (25) is a Lie Bäcklund symmetry of H then the generator
is also a Lie Bäcklund symmetry. Since f k is an arbitrary function we set f k = ξ k and obtain
The generator (28) is the canonical form of the Lie Bäcklund symmetry (25) . Furthermore we can always absorb the term ξ k u k inside the η and conclude thatX = Z
is the generator of a Lie Bäcklund symmetry. A special class of Lie Bäcklund symmetries are the contact symmetries defined by the requirement that the generator depends only on the first derivatives u ,i , i.e. it has the general canonical form 
whereX [1] is the first prolongation ofX, i.e.X [1] = X +Ż i ∂ q i . IfX is a dynamical Noether symmetry of L t, q i ,q i , then the quantity [73, 74] 
is a first integral of Lagrange equations and it is called a (contact) Noether Integral. When
k it is linear in the momentum and in that case the Noether symmetryX it is a Noether point symmetry.
Consider a particle moving in an n dimensional Riemannian space with metric g ij q k under the action of the potential V q k . The Lagrangian of the system is
LetX = K i j t, q k q i ∂ i be the generator of a contact Lie Bäcklund symmetry of (32) . In [75] it has been shown that in this case the dynamical symmetry condition (30) is equivalent to the the following conditions
where "; " denotes covariant derivative with respect to the connection coefficients of the metric g ij . From (34) it follows that (33) means that the second rank tensor K i j q k is a Killing tensor of the metric g ij . Finally (35) is a constraint relating the potential with the Killing tensor K ij and the Noether function f. The use of dynamical Noether symmetries provides first integrals which can be used to reduce the order of the dynamical system and possibly lead to analytic solutions.
The application of the Noether point symmetries in scalar field cosmology has been studied in [50] . In this work we would to extend the analysis to the case of dynamical (contact) Noether symmetries. In the following section we use the symmetry condition (35) in order to identify the potential(s) of the scalar field in scalar field cosmology for which the field equations admit contact Noether symmetries. Subsequently we use the conserved currents of these symmetries to determine analytic solutions of the resulting scalar field equations.
DYNAMICAL NOETHER SYMMETRIES IN SCALAR FIELD COSMOLOGY
Consider a dynamical system which consists of a minimally coupled scalar field and dust (DM component) in the flat FRW background (2) . The gravitational field equations are the Euler Lagrange equations of the Lagrangian
with Hamiltonian
where ρ m = |E| a −3 and E is a constant 1 , hence the today value of ρ m is ρ m0 = |E| and ρ m0 = 3ω m0 where
the Lagrangian (36) becomes
The potential of the scalar field is yet unspecified. In order to select a potential we make the geometric assumption that Lagrange equations admit a dynamical (contact) Noether symmetry. As it has been shown in the last section this requirement is equivalent to condition (30) . From Lagrangian (39) we infer that the kinetic metric is the 2d minisuperspace with line element
whereas the effective potential is V ef f (r, θ) = r 2 V (θ). Dynamical Noether symmetries require the knowledge of Killing tensors of valence two in the minisuperspace (40) . This space is 2d flat hence the Killing tensors K ij form a six dimensional space and all are constructed from the symmetrized products of the KVs (see e.g. [76] ). In Cartesian coordinates 2 the generic form of a second rank Killing tensor in (40) is [76] 
1 Where we have set k = 1.
2 The coordinate transformation is
We apply condition (35) 
In order to find extra dynamical Noether symmetries we must consider special forms for the potential V (θ). A detailed analysis gives the following results 3 :
• For the potential
Lagrangian (39) 42) with corresponding Noether Integral
The model with potential (41) is the well known UDM model [50, 78] . If c 2 = 3c 1 the potential (41) admits one more dynamical symmetry
with corresponding Noether Integral
Lagrangian (39) admits the dynamical symmetry (44) with corresponding Noether Integral
In case c 1 = c 2 the potential becomes
which is the model of Sahni et.al [41] (for p = 3).
ANALYTIC SOLUTIONS
It is straightforward to see that the dynamical Noether integrals I 1 , I 2 are in involution and independent of the Hamiltonian H, i.e.{I, H} = 0, hence the dynamical systems we have found are Liouville integrable. In this section we apply the extra integrals to reduce the order of the dynamical system and if it is feasible to find an exact solution. In the following the constants c 1 , c 2 are assumed to be positive. We would like to mention that analytical solutions in the context of an hyperbolic type potential can be also found [77] .
The Unified Dark Matter Model
The quintessence UDM cosmological model has been studied both analytically and statistically in [78] (see also [37, [48] [49] [50] [51] 78] ). In the latter papers it has been found that the quintessence UDM scalar field model is in a fair agreement with that of the Λ-cosmology 4 at expansion and at perturbation levels, although there are some differences between the two models. In the current work we solve analytically the UDM dynamical problem by treating dark energy simultaneously either as quintessence or phantom. Moreover we have provided, for a first time (to our knowledge), the dynamical Noether symmetries of the UDM model. Evidently, the combination of the results published by Basilakos & Lukes [78] and Basilakos et al. [50] with the current article provide a complete investigation of the UDM scalar field model.
Using the notations of Bertacca et al. [37] , the real constants in Eq. (41) are chosen to obey c 1 = c 2 > 0. It is interesting to mention that the potential (41) has one minimum at φ = 0, which reads
Lastly, as long as the scalar field is taking negative and large values the UDM model has the attractive feature due to V (θ) ∝ e −2θ [41] .
UDM: Quintessence
Inserting in Eq.(36) Eq. (41) and ε = 1 the Lagrangian of the field equations becomes
where the index Q denotes the quintessence model. Under the coordinate transformation
the Lagrangian becomes
which is the Lagrangian of the 2d unharmonic hyperbolic oscillator. The field equations are the Hamiltonian constraint
and Hamilton's equations of (51). Furthermore ω 
4 Recall that for the Λ-cosmology the exact solution of the scale factor is
The Hubble function is written as
The Hamiltonian constraint (51) 
Without loosing the generality we set x 0 = y 0 . In that case from the Hamiltonian constraint we have |E| = 
where ε θ = ±1. Equation (55) can be written
with limit a − (t) | ω1t+θ1>>1 = 9 2 ωm0 ω 2 1 = const. Therefore for the late time, ω 1 t + θ 1 ≃ ω 1 t the scale factor (56) becomes the Λ−cosmology. Furthermore for the late time, ω 1 t + θ 1 ≃ ω 1 t the Hubble function for the scale factor (56) is
where H Λ (t) is the Hubble function of the Λ cosmology.
In Fig. 1 we present the evolution of the equation of state parameter of the scalar field and the evolution of the deceleration parameter of the scale factor (55) . We observe that for values of θ 1 ∈ (0, 0.1) the equation of state parameter has values w φ ∈ [−1, 1] and reaches the value −1 for large scale factor, however for θ 1 = 0 the equation of state parameter is w φ ∈ [−1, −0.95).
UDM: Phantom
For ε = −1 and the potential (41) the Lagrangian of the field equations becomes
where the index P denotes the phantom model. Under the coordinate transformation
the field equations are the Hamiltonian constraint
and the Hamilton's equations of (60) . This dynamical system is the 2d unharmonic hyperbolic oscillator where px, pȳ are the components of the momentum andω 2 . Prior to the singularity we have a (t → 0
In order to reduce the number of the free parameters we make again the ansazt c p1 = c p2 andx 0 =ȳ 0 . Then from the Hamiltonian constraint we havex cp1 and the analytic solution of the scale factor is
However, the scalar factor (61) can be written in the following form
with limit a
, hence in the late time the scale factor (62) is that of the Λ−cosmology. Therefore, for the Hubble function holds
The new hyperbolic model
In the following we use the second integral I 2 of the hyperbolic potential (46) in order to reduce the order of the dynamical system.
Quintessence, ε = 1
For the potential (46) and ε = 1, we apply the coordinate transformation (hyper-parabolic coordinates)
and the Lagrangian (36) of the field equations becomes
whereas the Hamiltonian (37) is
where p u , p v are momenta and
. Einstein field equations are the Hamiltonian constraint (66) and Hamilton's equations
In order to solve the system of equations we prefer to work with the Hamilton Jacobi equation. Hence from (66) we have
where S = S (u, v, t) is the Hamiltonian and
It is easy to see that (67) is separable, hence the solution is
Using the Hamiltonian function we find that the reduced system is
From the singularity condition a (t → 0) = 0 we have that |u| t→0 = |v| t→0 .However if in t → 0 + we consider u > v > 1 , then from (68), (69) we have thatu >v, when V 1 > V 2 hence in late time hold that u 2 >> v 2 , then the system (68), (69) 
; hence the solution of the scale factor is
when a 2 = 0 the scale factor (70) becomes
which is the deSitter solution.
In Fig. 2 we give the evolution of the equation of state parameter of the scalar field and the evolution of the deceleration parameter of the model with Lagrangian (65) where in (69) we considered the minus. We observe that for the equation of state parameter w φ holds w φ (a → 1) = −1 provided that the integration constant Φ 0 satisfies the condition log Φ 0 ≤ 1. a. Exact solution The dynamical system (68), (69) is a non linear 2d system of first order ODEs. In order to solve this system analytically we consider the "conformal" transformation dt
2 dτ which transforms the dynamical system to
The solution of (74), (75) can be written in terms of elliptic functions. In order to simplify the integrals (74), (75) and obtain an explicit solution we select special values for the constants. For Φ 0 = 0 and E = 0 the solution of the system (74), (75) gives the deSitter universe (71) .
However when Φ 0 = 0 and E = 0 the solution of the system (74), (75) is
2 , ε C = ±1 and from the relation dt = √ 3 u 2 − v 2 dτ we have
2C 1 e 2C1τ0 + e 2C1τ + ln
2C 2 e 2C2τ0 − e 2C2τ . ′ 0 = 0.
OBSERVATIONAL CONSTRAINTS
In this section, we test the viability of the cosmological model in the late times (well inside the matter era) resulting for the scalar field potentials we have determined, by performing a joint likelihood analysis using the SNIa, BAO and the H (z) data. The likelihood function is
where p is the statistical vector that contains the free parameters and
For the Type Ia supernova data we use the Union 2.1 set which provides us with 580 SNIa distance modulus at observed redshift [79] . The chi-square is given by the expression
where N SN Ia = 580, z i is the observed redshift z i ∈ [0.015, 1.414], µ is the distance modulus µ = m−M = 5 log D L +25 and D L is the luminosity distance.
The chi-square for the Hubble parameter constraint data is
where N H(z) = 21, H th (z i ; p) is the theoretical Hubble parameter and H obs are the 21 observed Hubble parameters at the observed redshift z i [80] [81] [82] [83] (see Table 1 of [84] ). Furthermore we use the 6dF, the SDSS and WiggleZ BAO data [85, 86] for which the corresponding chi-square is
ij is the inverse of the covariant matrix in terms of d z [88] , and the parameter d z follows from the relation d z = lBAO DV (z) ; l BAO (z drag ) is the BAO scale at the drag redshift and D V (z) is the volume distance [86] . Without losing the generality in the case of the quintessence UDM model we set θ 1 → 0. Therefore, the UDM statistical vector p is of dimension two (dim p = 2) ; that is, p = ω m0 , c (Q,p)1 , recall that ω m0 = Ω m0 H 2 0 , and ρ m0 = 3ω m0 = |E| . In order to constraint the new hyperbolic scalar field with potential (46) (69) we considered the sign minus " − " and in (79) the sign plus " + ". Finally we assume the integration constants Φ 0 /Φ ′ 0 to vanish . Lastly, since N/n f it > 40 we will use, the relevant to our case, corrected Akaike information criterion [87] , defined, for the case of Gaussian errors, as: (84) where N = N SN Ia + N H(z) + N BAO = 607 and n f it is the number of free parameters. A smaller value of AIC indicates a better model-data fit (for the scalar field models n f it = 2 and for the ΛCDM we have n f it = 2). However, small differences in AIC are not necessarily significant and therefore, in order to assess, the effectiveness of the different models in reproducing the data, one has to investigate the model pair difference ∆AIC= AIC y − AIC x . The higher the value of |∆AIC|, the higher the evidence against the model with higher value of AIC, with a difference |∆AIC| ∼ > 2 indicating a positive such evidence and |∆AIC| ∼ > 6 indicating a strong such evidence, while a value ∼ < 2 indicates consistency among the two comparison models. The scalar field with potential (41) has been compared with the cosmological data in [78] for the quintessence field and in [51] for the phantom field. In contrast to [78] in our solution we include the dark matter component in the field equations. Furthermore in [51] the authors examine the case wherec p1 = 0 andc p2 = 0.
In table I we give a numerical summary of the current statistical analysis and the scalar field models with potentials (41), (46) . For the Λ-cosmology we find the minimum total chi-square χ 
048).
As it is expected the value of AIC Λ (≃ 578.77) is smaller than the corresponding values of the scalar field models AIC scalar (580.59 − 581.82) which indicates that the ΛCDM model appears to fit better than the scalar fields models the expansion data. However, the differential value 6 |∆AIC|=|AIC Λ − AIC scalar | is actually ≤ 2 which indicates that the cosmological data are perfectly consistent with the current scalar field models in a way comparable to the concordance model.
In order to give the reader the opportunity to appreciate our observational constraints, in fig. 3 and 4 we provide the likelihood contours for the best fit parameters ω m0 , c (Q,p)1 of the scalar fields with potentials (41) and (46) . 
CONCLUSION
In this work we have applied the dynamical Noether symmetry approach as a geometric rule to select the potential of the scalar field in the scalar field cosmology. We have found two potentials with this property and have used the resulting Noether integrals to integrate the corresponding field equations. The first potential is the well known UDM model whereas the second potential is new. In both cases we have found the analytic solution of the field equations both in the quintessence and in the phantom case. The solution for the new potential is expressed in terms of elliptic functions and contains a number of free parameters. In order to find an explicit analytic solution we consider certain simplifications which are compatible with the physical assumptions. Furthermore we test the solutions we have found against the observed cosmological constraints that is, the SNIa, BAO and the H (z) data. We find that the cosmological parameters for the scalar field models which admit dynamical symmetries are similar with those of the Λ-cosmology Besides the actual value of the new solution the approach shows that the use of careful geometric requirements/ assumptions can help in two directions, namely a.) to produce new results which is impossible to be found by ordinary physical reasoning and b) to lead to models with a large number of free parameters which provide adequate freedom of adjustment; in the sense that the values of the constants are fixed in accordance with the observed data, therefore leading to viable/ sound cosmological models. • If the scalar field potential is V (θ) = c 1 1 − 3 sinh 2 θ + c 2 3 sinh θ − sinh 3 θ
Lagrangian (39) admits the additional dynamical symmetry X = −r 2 cosh θθ∂ r + cosh θṙ + 2r sinh θθ ∂ θ (A2)
